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Saddle-point Optimization

Find x? = (θ?, φ?) such that

∀θ ∈ �d1, ∀φ ∈ �d2, L(θ?, φ) ≤ L(θ?, φ?) ≤ L(θ, φ?)

Associated vector field:

V(θ, φ) = (∇θL(θ, φ),−∇φL(θ, φ))

First order optimality condition: V(x?) = 0

Applications. • Generative adversarial networks • Adversarial
training • Self-play • Robust optimization

Extragradient and its Failure

From gradient to extragradient

L : (θ, φ) ∈ � ×� 7→ θ · φ; V(θ, φ) = (φ,−θ); x? = (0, 0)

1. Gradient method:

Xt+1 = Xt − γtV(Xt)

2. Extragradient (EG):

Xt+1
2

= Xt − γtV(Xt)
Xt+1 = Xt − γtV(Xt+1

2
)

Algorithms
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The non-convergence of stochastic EG

V̂t = (φt + ξt,−θt); �[ξt] = 0, �[ξ2
t ] ≥ σ2 > 0

Propostion. Whatever stepsize is used,
running EG with oracle feedback V̂t

leads to lim inft→∞�[θ2
t + φ2

t ] > 0.

N.B. EG is known to converge er-
godically in O(1/

√
t) in all stochas-

tic monotone problems. However, in
this work, we are interested in its last-
iterate convergence.
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A Remedy with Double Stepsize

Xt+1
2

= Xt − γtV̂t, Xt+1 = Xt − ηtV̂t+1
2

DSEG

Explore aggressively, update conservatively: ηt ≤ γt

Assumptions

On the operator
1. β-Lipschitz continuity (L): ‖V(x) − V(x′)‖ ≤ β‖x − x′‖
2. Variational stability (VS): 〈V(x), x − x?〉 ≥ 0
3. Error bound (EB): ∃τ > 0,∀x, ‖V(x)‖ ≥ τ dist(x,X ?)

solution set

EB VSAffine Strongly
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On the noise (∀s ∈ �/2, V̂s = V(Xs) + Zs)

1. Unbiasedness: �[Zs | Fs] = 0
2. Variance control: �[‖Zs‖

2 | Fs] ≤ (σ + κ‖Xs − x?‖)2,∀x? ∈ X ?

A descent lemma

Assume (L). Let Ct = 4γ2
t ηtβ + 2γ3

t ηtβ
2 + 4η2

t + 16γ2
t η

2
t κ

2. Then

�[‖Xt+1 − x?‖2 | Ft] ≤ (1 + Ct κ
2)︸      ︷︷      ︸

→1

‖Xt − x?‖2

−2ηt�[〈V(Xt+1
2
), Xt+1

2
− x?〉 | Ft]︸                                    ︷︷                                    ︸

≤0 (VS)

−γtηt(1 − γ2
t β

2 − 8γtηt κ
2)‖V(Xt)‖2︸                                      ︷︷                                      ︸

<0 possible to use (EB)

+ Ctσ
2︸︷︷︸

≥0

The decrement term is in Θ(γtηt) while the noise term is in Θ(η2
t )

Convergence Result

Asymptotic convergence

Stepsize condition (SC).
∑

t γtηt = ∞,
∑

t η
2
t < ∞,

∑
t γ

2
t ηt < ∞

Theorem. Assume (L) + (VS). DSEG with (SC) and γt ≤ c/β for
some c < 1 converges to a solution x? almost surely.

Convergence rate

Consider γt = γ/(t + b)rγ and ηt = η/(t + b)rη

rγ = rη = 1 Strongly Monotone O(1/t)

rγ = 1/3, rη = 2/3 (EB) + (VS) O(1/t1/3)

rγ = rη = 0 (η < γ) (EB) + (VS) + (σ = 0) O(e−ρt)

rγ = 0, rη = 1 Affine Monotone O(1/t)

New!Local convergence

(a) Around solution x?: (L) + (VS) + q-th moment control for Zt

(b) JacV(x?) is defined and invertible⇒ local (EB)

Theorem. Fix tolerance level δ ∈
(0, 1). DSEG with close enough
initialization and suitable stepsizes
guarantees:
• If (a), then �(Xt → x?) ≥ 1 − δ
• If (a)+(b), then there exists event

E such that �(E) ≥ 1 − δ and

�[‖Xt − x?‖2 | E] = O
(
1/t1/3

)
r
γ +

r
γ ≤

1

rη > 1/2
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>
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Vanilla EG policies

a.s convergence
Local results
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Left Bilinear zero-sum game
Middle Strongly monotone (biquadratic)
Right Linear quadratic Gaussian WGAN

x ∼ N (0,Σ)
G(z) = Yz,D(x) = x>Wx

Numerical Illustrations

Read the paper


