On the Convergence of Single-call Stochastic Extra-Gradient Methods
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Convergence Analysis

Beyond Minimization

e Generative adversarial network (GAN) |. The most widely used single-call variants of Extra-Gradient (EG) are equivalent The following results hold for all the three variants of 1-EG.
. for unconstrained problems.
minmax E,_, [ f(Dg(x))] + E,-, . [g(Ds(Gy(2)))]. | P | o Global Convergence
o ¢ 2. Such single-call EG methods enjoy similar convergence guarantees as EQG.
More min-max: distributionally robust, primal-dual, ... 3. First local convergence rate analysis for stochastic non-monotone VIs.

Monotone Strongly Monotone

e Seach of equilibrium: games, multi-agent RL, ... Ergodic Last lterate Ergodic Last Iterate

Extra-Gradient (EG) Deterministic 1/¢ ? 1/t e P!
Stochastic 1/t ? 1/t 1/t

Variational Inequalities

Extra-Gradient [Korpelevich 1976]

Definition and Setup )
X, 1= (X =y V)

Local Convergence

f+1
Closed convex set X C RY; Vector field V : R — R X1 = Me(X, —v,V.,0)
| o | | 2 Definition [Regular Solution x*].
Stampacchia variational inequality The first step anticipates the landscape to L oy
Find x* € X s.t. Vx e X, (V(x*), x— x*) > 0. (V1) achieve better convergence. Vz € TC(x™), z' Jacy(x™)z = Z Zia_xl(-x*)Zj > 0.
i, j= J
Monoticity =

Vx,x' € RY, (V(X') = V(x),x' — x) > a|lx’ — x| But it requires two gradient evaluations per iteration! Theorem. |If 1-EG is initialized sufficiently close to x*

constant a > 0; strongly monotone: a > 0. and run with sufficiently small step-sizes, then:

e Deterministic: geometrical convergence of iterates.
e Stochastic:

Assumptions:
Linschi . -  m m m mrm WV (a) The iterates are guaranteed to stay in a neighbor-
e Lipschitz continuous V. Past Extra-Gradient [2] Reflected Gradient [3] Optimistic Gradient [4] hood of x* with probability arbitrarily close to 1
e Noisy unbiased oracle V. ~ S — | ~ i |
e Finite-variance noise. Xpey = Ha(Xe =y Vi1 ) Xau=X- (Xt_1th) X = (X, —3A/t p Vi ) A (b) E [HXt — x*||| the above happens] = O /).
Xir1 = Ha(X; — %VH%) Xir1 = Ha(X; — %VH%) X1 = _Xt%’}/tvt—% - %VH%

Example of Saddle Point Problem Proof Ingredients

Proposition. The above three methods are equivalent in the unconstrained setting. Deterministic
Find x* = (6™, *) such that

VO €O, Yo € D, L(",p) < L(OF, ™) < L6, ™).

1 X1 — p”2 + U1 S
1X; = plI* = 27(V(X,,0), X1 = p) = cllX, o1 = Xill* + .

2 2
L(0,¢) = 2610°A16 + &(0°A26)” = 2€1¢ Bi¢ — ex(¢ Bag)” + 40 C¢ Stochastic + strongly monotone
ot — E[1X;41 = X1+ g1 < (1= ay)(ELX, = x* P+ w) + My 0.

lllustrative Experiments

Let X =0 X O, V= (VoL,-V,L). (VI) gives

* * * e 107 S8 T — T 1'5% , il T 1'5% 5
V(H? ¢) S Xa <V6’L(x )9 60— 06 > o <V¢£('x )9 ¢ o ¢ > = 0. . | veos TTeEm NN >y
10 10" — tl \ —— y=0.9
| - , - ;,= . ::= \t\ N\ — y=12
e Stationary condition. < : References
" X107 ~ 107 N N
e If L is convex-concave, it o e
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