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Beyond Minimization

• Generative adversarial network (GAN)

min
θ

max
φ
�x∼pD[ f (Dφ(x))] + �z∼pZ[g(Dφ(Gθ(z)))].

More min-max: distributionally robust, primal-dual, . . .

• Seach of equilibrium: games, multi-agent RL, . . .

Variational Inequalities

Definition and Setup

Closed convex set X ⊆ �d; Vector field V : �d → �d

Stampacchia variational inequality

Find x? ∈ X s.t. ∀x ∈ X , 〈V(x?), x − x?〉 ≥ 0. (VI)

Monoticity

∀x, x′ ∈ �d, 〈V(x′) − V(x), x′ − x〉 ≥ α‖x′ − x‖2

constant α ≥ 0; strongly monotone: α > 0.

Assumptions:
• Lipschitz continuous V.
• Noisy unbiased oracle V̂.
• Finite-variance noise.

Example of Saddle Point Problem

Find x? = (θ?, φ?) such that

∀θ ∈ Θ, ∀φ ∈ Φ, L(θ?, φ) ≤ L(θ?, φ?) ≤ L(θ, φ?).

Let X B Θ × Φ, V B (∇θL,−∇φL). (VI) gives

∀(θ, φ) ∈ X , 〈∇θL(x?), θ − θ?〉 − 〈∇φL(x?), φ − φ?〉 ≥ 0.

• Stationary condition.
• If L is convex-concave, it

solves the original problem.

min
θ∈�

max
φ∈�
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TL;DR

1. The most widely used single-call variants of Extra-Gradient (EG) are equivalent
for unconstrained problems.

2. Such single-call EG methods enjoy similar convergence guarantees as EG.
3. First local convergence rate analysis for stochastic non-monotone VIs.

Extra-Gradient (EG)

Extra-Gradient [Korpelevich 1976]

Xt+1
2

= ΠX (Xt − γtV̂t)
Xt+1 = ΠX (Xt − γtV̂t+1

2
)

The first step anticipates the landscape to
achieve better convergence.

But it requires two gradient evaluations per iteration!

Single-call Extra-Gradient (1-EG)

Past Extra-Gradient [2] Reflected Gradient [3] Optimistic Gradient [4]

Xt+1
2

= ΠX (Xt − γt V̂t−1
2
)

Xt+1 = ΠX (Xt − γtV̂t+1
2
)

Xt+1
2

= Xt − (Xt−1 − Xt)

Xt+1 = ΠX (Xt − γtV̂t+1
2
)

Xt+1
2

= ΠX (Xt − γt V̂t−1
2
)

Xt+1 = Xt+1
2
+ γtV̂t−1

2
− γtV̂t+1

2

Proposition. The above three methods are equivalent in the unconstrained setting.

L(θ, φ) = 2ε1θ
>A1θ + ε2

(
θ>A2θ

)2
− 2ε1φ

>B1φ − ε2
(
φ>B2φ

)2
+ 4θ>Cφ
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(a) Strongly monotone;
deterministic; last iterate.
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(b) Monotone; deterministic;
ergodic.

10
0

10
1

10
2

10
3

10
4

# Oracle Calls

10
−3

10
−2

10
−1

∥x
−
x
*
∥2

EG
1-EG
γ=0.3
γ=0.6
γ=0.9
γ=1.2

(c) Non monotone; stochastic;
last iterate; local
convergence.

Illustrative Experiments

Convergence Analysis

The following results hold for all the three variants of 1-EG.

Global Convergence

Monotone Strongly Monotone

Ergodic Last Iterate Ergodic Last Iterate

Deterministic 1/t ? 1/t e−ρt

Stochastic 1/
√

t ? 1/t 1/t

Local Convergence

Definition [Regular Solution x?].

∀z ∈ TC(x?), z> JacV(x?)z =

d∑
i, j=1

zi
∂Vi

∂x j
(x?)z j > 0.

Theorem. If 1-EG is initialized sufficiently close to x?

and run with sufficiently small step-sizes, then:
• Deterministic: geometrical convergence of iterates.
• Stochastic:

(a) The iterates are guaranteed to stay in a neighbor-
hood of x? with probability arbitrarily close to 1.

(b) �
[
‖Xt − x?‖2| the above happens

]
= O (1/t).

Proof Ingredients

Deterministic

‖Xt+1 − p‖2 + µt+1 ≤

‖Xt − p‖2 − 2γ〈V(Xt+1
2
), Xt+1

2
− p〉 − c‖Xt+1

2
− Xt‖

2 + µt.

Stochastic + strongly monotone

�[‖Xt+1− x?‖2]+µt+1 ≤ (1−αγt)(�[‖Xt− x?‖2]+µt)+ Mγ2
tσ

2.
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